By analogy with pNRQCD, we construct Effective Field Theories suitable to describe the heavyquark sector of baryons made of two and three heavy quarks. A long-standing discrepancy between the hyperfine splitting of doubly heavy baryons obtained in the HQET and potential models is solved. The one-loop matching of the 4-quark operators of dimension 6 is provided.
I. INTRODUCTION
The SELEX collaboration at Fermilab recently reported evidence of five resonances that may possibly be identified with doubly charmed baryon states [1] . Tentatively fs. Although these findings need to be confirmed by other experiments and larger statistical samples, they have triggered a renewed theoretical interest in doubly heavy baryon systems.
Doubly heavy baryons have been studied with several methods, mostly non-relativistic potential models (for some reviews see [2, 3] ), but also relativistic models [4] , sum rules [5, 6] and in a chiral Lagrangian framework [7] . Masses of the lowest lying resonances have been obtained from lattice calculations [8, 9, 10, 11, 12] . Doubly heavy baryons are also suited to be studied in a QCD Effective Field Theory (EFT) framework. Indeed, they are characterized by at least two widely separated scales: the large heavy-quark masses, m, and the low momentum transfer between the heavy and the light quarks, which is of order Λ QCD . If one assumes that the typical momentum transfer between the two heavy quarks is larger than Λ QCD , then a QQq baryon is very similar to a bound state of a heavy antiquark and a light quark. This has first been noted in [13] , where at leading order in Λ QCD /m the hyperfine splitting of the doubly heavy baryon ground state has been related to the ground-state hyperfine splitting of the heavy-light meson. In [14] non-leptonic and semileptonic decays of doubly heavy baryons have been examined in the context of SU (3) flavour symmetry. After this original work no further step has been made in the direction of providing a systematic description of doubly heavy baryons in an EFT framework that fully combines the dynamics of the two heavy quarks with that one of the light one. Following some suggestions in [15] , with this work we attempt to make such further step. In particular,
we identify the degrees of freedom and write the low-energy EFT Lagrangian that describes doubly heavy baryon systems in the heavy-quark sector, once the heavy-quark momentum-transfer scale has been integrated out. The framework is similar to that one developed in the last years for heavy-quarkonium systems (for a review see [16] ).
Baryons made of three heavy quarks QQQ have not been observed yet. Their relevance has been emphasized since long ago [17] . They would reveal a pure baryonic spectrum without light-quark complications and provide valuable insight into the quark confinement mechanism. Indeed, the three-quark static Wilson loop is intensively studied on the lattice [18, 19] as a source of information about the baryon heavy-quark potential and the type of confining configurations [20, 21, 22] . In this work we will identify the degrees of freedom and write the low-energy EFT Lagrangian that describes heavy baryons made of three heavy quarks, once the heavy-quark momentum-transfer scale has been integrated out. We will express the leading-order and spin-dependent potentials in terms of Wilson loop amplitudes along the lines developed for heavy quarkonia in [23] .
A recent review that also discusses the present status of the art, experimental and theoretical, including lattice, for heavy baryons made with two or three heavy quarks is Ref. [24] .
We refer to it for a more complete bibliography on the subject. This work is partially based on [25] . We refer to it for details in some of the derivations.
The paper is distributed as follows. In Sec. II we introduce NRQCD for heavy baryons. In
Sec. III we write the low-energy EFT for QQq baryons and calculate the hyperfine splitting of the ground state. In Sec. IV we write the low-energy EFT for QQQ baryons and give some exact non-perturbative expressions for the leading-order and spin-dependent potentials.
Sec. V is devoted to the conclusions. Some technical details may be found in the appendices.
II. NRQCD
Non-relativistic QCD (NRQCD) is the EFT suitable to describe systems made of two or more heavy quarks. It is obtained from QCD by integrating out modes of energy of the order of the heavy-quark masses [26] .
We are interested here only in the heavy-quark sector of the NRQCD Lagrangian. The 2-heavy-quark sector coincides with the Lagrangian of the Heavy Quark Effective Theory (HQET). Up to order 1/m 2 it reads:
where N Q is the number of heavy-quark flavours, Q h the Pauli spinor field that annihilates the quark of flavour h and mass m h , iD 0 = i∂ 0 − gA
are the Pauli matrices. The matching coefficients c
S may be found at one loop, for instance, in [27] . The Lagrangian (1) (with O(1/m 3 ) terms included, but all matching coefficients set equal to 1) has been used to perform lattice calculations of the spectra of heavy baryons in [11] .
At order 1/m 2 the NRQCD Lagrangian relevant to describe baryons made of two or more heavy quarks exhibits also a 4-heavy-quark sector:
The matching coefficients d Q h Q h ′ start getting contributions at order α 2 s . They have been calculated to this order in appendix A.
Six-quark operators contribute to heavy baryons made of three heavy quarks. They show up at order 1/m 5 . The corresponding matching coefficients start getting contributions at order α 4 s . Hence, these operators are highly suppressed and will be neglected in the rest of the paper.
In the following we will make a step further and construct the EFT suitable to describe baryons made of two (Sec. III) and three (Sec. IV) heavy quarks once gluons of energy or momentum of the order of the momentum transfer between the heavy quarks have been integrated out. The procedure and the resulting EFT will be quite similar to that one developed for heavy quarkonium in [28, 29] . For this reason we will call the EFT with the same name: potential NRQCD (pNRQCD).
III. PNRQCD FOR QQq BARYONS
In this section we deal with baryons made of two heavy quarks Q 1 , Q 2 (bb, bc or cc) with masses m 1 and m 2 respectively and one massless quark q. The dynamics of these systems is expected to mix aspects typical of heavy quarkonium with aspects typical of heavy-light mesons. On the one hand, the interaction of the two heavy quarks is that one of a nonrelativistic quark pair close to threshold moving with relative velocity v. It is, therefore, characterized by the energy scales: m ≫ mv ≫ mv 2 , where mv is the scale of the typical momentum transfer between the two heavy quarks (or of the inverse of their typical distance) and mv 2 is the typical binding energy. On the other hand, the energy scale that governs the interaction between the heavy quarks and the light one is Λ QCD . Two different situations are possible.
(A) If mv ≫ Λ QCD , at a scale µ such that mv ≫ µ ≫ Λ QCD the heavy-quark distance cannot be resolved. The Q 1 Q 2 pair behaves like a point-like particle (sometimes also called diquark [30] ) in an antitriplet or sextet colour configuration. In the antitriplet configuration the two heavy quarks attract each other. The interaction of the antitriplet field with the light quark is similar to that one of a heavy antiquark with a light quark in a D or B meson [13] . However, the spectrum is expected to be richer and more complex due to the internal excitations of the heavy-quark system. These include radial and spin excitations, but also colour excitations to sextet configurations. Considering that the scale µ is perturbative, in this situation pNRQCD has the following degrees of freedom: light quarks, gluons of energy and momentum lower than mv (also called ultrasoft) and heavy quarks. To ensure that the gluons are of energy and momentum lower than mv, gluons appearing in vertices involving heavy-quark fields are multipole expanded in the relative distance r ∼ 1/(mv) between the two heavy quarks. This corresponds to expanding in rΛ QCD ∼ Λ QCD /(mv) or r (mv 2 ) ∼ v. In the situation mv ≫ Λ QCD , in principle one may further distinguish between the subcases mv 2 ≫ Λ QCD , mv 2 ∼ Λ QCD and Λ QCD ≫ mv 2 . In the first case, one may expand in Λ QCD /(mv 2 ) and disentangle the heavy-heavy dynamics, which is completely accessible to perturbation theory, from the heavy-light one. In general, excitations of the heavy-heavy system will dominate over excitations of the heavy-light system. In the latter case, the potential governing the heavy-heavy system gets non-perturbative contributions.
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Since the kinetic energy of the heavy quarks is smaller than Λ QCD , the heavy-light dynamics dominates in this situation over the heavy-heavy one. At leading order in the mv 2 /Λ QCD expansion the flavour symmetry typical of the HQET is restored.
In the rest of this section, we will deal with the general situation mv ≫ Λ QCD , without assuming any special hierarchy between the scales mv 2 and Λ QCD . To be definite, one may think that we work in the situation mv 2 ∼ Λ QCD .
(B) If mv ∼ Λ QCD the distances between the three quarks are of the same magnitude.
Hence, we cannot disentangle the heavy-quark pair dynamics from the light-quark one.
Moreover, the potential between the two heavy quarks is non-perturbative. At the level of NRQCD, the system may be studied with lattice calculations. In this situation it seems unlikely that a simple diquark-light-quark picture holds. In general, from an EFT point of view it does not seem consistent to have a diquark-light-quark picture for the heavyquarks-light-quark interaction, which implicitly assumes mv ≫ Λ QCD , and at the same time a confining potential binding the two heavy quarks, which requires mv ∼ Λ QCD , as so often done in potential models.
In the following, we will work out pNRQCD in the situation (A). This situation is expected to be appropriate for the description of at least doubly heavy baryons in the ground state.
A. Lagrangian
In this section we write the pNRQCD Lagrangian that describes heavy baryons of the type Q 1 Q 2 q in the situation where the typical momentum transfer between the two heavy quarks is much larger than Λ QCD . This corresponds to the case labeled (A) above.
The number of allowed operators is reduced if we choose to have a manifestly gauge invariant Lagrangian. This may be obtained by projecting the Lagrangian on the heavyheavy sector of the Fock space, by splitting the heavy-heavy fields into an antitriplet and
and by building the Lagrangian from these operators. The tensors T 
with
where
is the Pauli matrix acting on the heavy non-analytic functions of r. As we will discuss in the next section, at tree level they are
T and V
Σ get the first non-vanishing contribution at order α s . In Eqs. (8) and (9) we have displayed only the operators that have a non-vanishing tree-level matching coefficient.
The coefficients in front of the D 2 R and ∇ 2 r operators in (9) are equal to 1, due to Poincaré invariance or dynamical considerations similar to those developed in [31] . We observe that in the case m 1 = m 2 , electric dipole transitions between antitriplet states induced by the term
are allowed [3, 32] .
The power counting of the Lagrangian (4) in the centre-of-mass frame goes as follows:
power counting is not unique, because the scales mv 2 and Λ QCD are still entangled in the dynamics. The Lagrangian at leading order reads
B. Matching
The matching from NRQCD to pNRQCD is, in general, performed by calculating Green functions in the two theories and imposing that they are equal order by order in the inverse of the mass and in the multipole expansion. Since we are working in the situation where the typical momentum transfer between the heavy quarks is larger than Λ QCD , we can, in addition, perform the matching order by order in α s .
If we aim at calculating the matching at tree level a convenient approach consists in projecting the NRQCD Hamiltonian on the two-quark Fock space spanned by
where |0 is the Fock subspace containing no heavy quarks but an arbitrary number of ultrasoft gluons and light quarks and Φ Q 1 Q 2 (x 1 , x 2 ) is a 3 ⊗ 3 tensor in colour space and a 2 ⊗ 2 tensor in spin space. This is similar to what is done in [33] . After projection, all gluon fields are multipole expanded in r. In order to make gauge invariance explicit at the Lagrangian level, it is useful to decompose Φ Q 1 Q 2 (x 1 , x 2 ) into a field T (r, R, t), which transforms like a colour antitriplet, and a field Σ(r, R, t), which transforms like a colour sextet:
P stands for path ordering. At leading order in the coupling constant,
After projecting on (13), one obtains the Lagrangian (7)- (9) with the matching conditions (10) .
As an example, let us consider the calculation that leads to the term
in the pNRQCD Lagrangian (see Eq. (9)). We start from the NRQCD term
Projecting onto (16), we obtain in the antitriplet-antitriplet sector
Using the definition (B1), we have
and eventually end up with Eq. (17) . This fixes V
(1,0)
T σ·BT = 1 at leading order. Note that Eq. (17) differs by a factor 1/2 from Eqs. (9) and (10) in [13] , which seem to miss the correct colour normalization of the antitriplet states.
One may ask what happens to V Σ goes as follows (see [29] for the quarkonium case). In NRQCD we compute static Green functions, whose initial and final states overlap with the antitriplet and sextet fields in pNRQCD. Since we work order by order in α s , it is not necessary for the Green functions to be gauge invariant. A possible choice is
and φ(R, x, t) has been defined in Eq. (15) . Integrating out the static-quark fields from I uv M we obtain
with W M QQ diagrammatically represented in Fig. 1 and explicitly given by
In the large T limit, the Green functions I 
respectively.
sextet propagators of pNRQCD respectively. If we neglect subleading loop corrections to the pNRQCD side of the matching, we obtain:
where Z M is a normalization factor. At order α s we end up with the well-known result [34] :
The antitriplet channel is attractive, the sextet one repulsive.
C. Hyperfine Splitting
In the dynamical situation considered here (case (A) of Sec. III), a doubly heavy baryon is mainly a bound state of a heavy quark (or antiquark) pair in an antitriplet (or triplet)
configuration and a light quark (or antiquark). Sextet field configurations show up in loops with ultrasoft gluons. Their contribution is suppressed either in the multipole expansion or in 1/m (see Eqs. (8) and (9)). The leading-order pNRQCD Lagrangian is shown in Eq. (12).
It does not depend on the spin of the heavy quarks. As a consequence, QQq baryons will appear in degenerate multiplets of the total spin S QQq = S QQ + S l , where S l is the spin of the light degrees of freedom and S QQ of the heavy-quark pair. This symmetry is similar to the spin symmetry of the HQET. Differently from the HQET, however, the pNRQCD Lagrangian depends at leading order on the heavy-quark flavour. This is a consequence of the fact that we cannot, in general, neglect the kinetic energy.
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We will consider in this section the S-wave ground state of a doubly heavy baryon made of two identical heavy quarks Q of mass m Q . In this case, since an (anti)triplet state is antisymmetric in colour, due to the Fermi statistics, the two heavy quarks are allowed only in a spin 1 (symmetric) state. In the standard notation, the lowest energy states for QQu or = 1, 0, −1), which we denote by |P * Q , and for the lowest SQ q = 0 state, which we denote by |P Q . An expression for these states that makes explicit their heavy (anti)quark field content is given in appendix C. The Hamiltonian responsible for the leading contribution to the hyperfine separation is
where, after the last equality, we have dropped the explicit coordinate dependence of the fields. From Eq. (29) and Eqs. (C1)-(C4) it is straightforward to derive:
In the case of a doubly heavy baryon QQq we proceed in a similar way. The triplet field T is a 2 ⊗ 2 tensor in spin space, which may be decomposed as 2 ⊗ 2 = 1 ⊕ 3, i.e. in a scalar component, T (S) , and a vector one, T (V ) :
The indices ij refer to the spin space. Note that the matrices (iσ 2 / √ 2) ij and (iσ k σ 2 / √ 2) ij are respectively antisymmetric and symmetric in ij. It is convenient to rewrite the fields
and
. As we argued above, the leading-order pNRQCD Lagrangian describing doubly heavy baryons does not contain spin-interaction terms, therefore, states that differ only in the spin quantum numbers are degenerate. In particular, this happens for the four lowest S QQq = 3/2 states (S z QQq = ±3/2, ±1/2), which we denote by |Ξ * QQ , and for the two lowest S QQq = 1/2 states (S z QQq = ±1/2), which we denote by |Ξ QQ . An explicit expression of these states in terms of heavy (anti)triplet fields is given in appendix C. The Hamiltonian responsible for the leading contribution to the hyperfine separation is
where the second equality follows from Eq. (31) and the third one from Eq. (32). From
Eq. (33) and Eqs. (C5)-(C10) it is straightforward to derive:
where ϕ QQ is the ground-state eigenfunction of −∇ 2 r /(2m r ) + V
T . At NLO V
). This result crucially depends on the fact that we have multipole expanded the gluon fields. As a consequence, B does not depend on r and the magnetic dipole transition term (differently from the electric one ∝ r · gE) does not exhibit any explicit dependence on r. Comparing Eq. (30) with Eq. (34) we obtain (M Ξ and M P are the baryon and meson masses respectively)
Up to a factor 1/2, the formula is the one derived in [13] . In the previous section, the origin of the discrepancy has been traced back to a missing colour normalization factor in the spin antitriplet interaction term (17) (and (33)). On the other hand, the relation
− M P Q ′ has been derived since long in non-relativistic potential models. Surprisingly the discrepancy between this formula and the formula in [13] has to the best of our knowledge never been noticed before in the literature. 
These results compare well with the quenched QCD lattice simulation of [12] , whose result is M Ξ * cc − M Ξcc = 89 ± 15 MeV, and of [9] , whose result is M Ξ * cc − M Ξcc = 80 ± 10 +3 −7 MeV, and with the quenched NRQCD lattice simulations of [8] and [11] , whose results for bbq baryons
MeV respectively. The figures of [9] and [11] refer to the lattice calculations at largest β.
IV. PNRQCD FOR QQQ BARYONS
In this section we consider baryons formed by three heavy quarks of which at least two with the same mass m 1 = m 2 ≡ m. Baryons of this type may be composed by bbb, bbc, bcc or ccc quarks. We define
There are, in principle, several physical scales that may play an important role in the dynamics: the masses m R , m ρ and m λ , which we assume to be of the same order, the typical relative three momenta of the heavy quarks, the typical kinetic energies and the scale of non-perturbative physics Λ QCD . In the following, we will keep the discussion as simple as possible by not exploiting any possible hierarchy among the relative momenta and the kinetic energies. We will assume that the typical relative momenta of the heavy quarks, generically denoted by mv, are all much smaller than the heavy-quark masses and much larger than the kinetic energies, generically denoted by mv 2 . We may distinguish two situations.
(A) The typical relative momenta of the heavy quarks are much larger than Λ QCD . We call this situation weakly coupled.
(B) The typical relative momenta of the heavy quarks are of the order of Λ QCD . We call this situation strongly coupled.
A. pNRQCD for weakly-coupled QQQ baryons
Lagrangian and Degrees of Freedom
If we assume that the typical distances ρ and λ in the baryon, which are of order 1/(mv), are much smaller than 1/Λ QCD , then gluons of momentum or energy of order mv may be integrated out from NRQCD order by order in α s . The resulting EFT has light quarks, gluons of energy and momentum lower than mv (ultrasoft gluons), and heavy quarks as degrees of freedom. Gluons appearing in vertices involving heavy-quark fields are multipole expanded in ρ and λ to ensure that they are ultrasoft. This corresponds to expanding in ρΛ QCD ∼ Λ QCD /(mv) and λΛ QCD ∼ Λ QCD /(mv), or ρ (mv 2 ) ∼ v and λ (mv 2 ) ∼ v. Like in the case of doubly heavy baryons the number of allowed operators is consistently reduced if we choose to have a manifestly gauge-invariant Lagrangian. This may be done by projecting the Lagrangian on the heavy-heavy-heavy sector of the Fock space, by splitting the heavyheavy-heavy fields into a singlet, two octet and a decuplet component,
and by building the Lagrangian from these operators. The tensors S ijk , O The resulting Lagrangian L pNRQCD = L pNRQCD (R, t) at O(λ, ρ) in the multipole expansion (we also display at O(1/m) the kinetic energy terms) is
with L gluon and L light defined in Eqs. (5) and (6) respectively and (44) stand for terms that appear at orders higher than tree level and other 1/m terms, similar to those discussed for the doubly heavy baryon case. These terms are suppressed in the power counting with respect to the kinetic energy and the terms shown in Eqs. (42) and (43).
The functions V are the Wilson coefficients of pNRQCD. They encode the contributions coming from gluons of energy or momentum of order mv. They are non-analytic functions of ρ and λ. As we will discuss in the next section, at tree level we have
while
O S and V
∆ get the first non-vanishing contribution at order α s . The coefficients in front of the operators D The power counting of the Lagrangian (41) in the centre-of-mass frame goes as fol-
The pNRQCD Lagrangian at leading order reads:
Matching
The matching from NRQCD to pNRQCD is performed by calculating Green functions in the two theories and imposing that they are equal order by order in the inverse of the mass and in the multipole expansion. Since we are working here in the situation where the typical momentum transfer between the heavy quarks is larger than Λ QCD , we can in addition perform the matching order by order in α s . The procedure is analogous to that one discussed previously for the doubly heavy baryon case, which we follow closely.
The matching at tree level may be performed by projecting the NRQCD Hamiltonian on the three-quark Fock space spanned by
is a 3 ⊗ 3 ⊗ 3 tensor in colour space and a 2 ⊗ 2 ⊗ 2 tensor in spin space. After projection, all gluon fields are multipole expanded in ρ and λ. In order to make gauge invariance explicit at the Lagrangian level, we decompose the three quark fields into a field S(ρ, λ, R, t), which transforms like a colour singlet, two fields O A (ρ, λ, R, t) and O S (ρ, λ, R, t), which transform like octets, and a field ∆(ρ, λ, R, t), which transforms like a decuplet:
where 
∆ goes as follows. In NRQCD we compute static Green functions, whose initial and final states overlap with the singlet, octet and decuplet fields in pNRQCD. A possible choice, working in a non-gauge invariant framework, is
where Q(R, x, t) has been defined in Eq. (23) . Integrating out the heavy-quark fields from
with W M QQQ diagrammatically represented in Fig. 2 and explicitly given by
In the large T limit, the Green functions I S , I to the pNRQCD side of the matching, we obtain: where Z M is a normalization factor. At order α s , the result is
B. pNRQCD for strongly-coupled QQQ baryons
Lagrangian and Degrees of Freedom
In the situation in which the typical distances ρ and λ in the baryon are of the order 1/Λ QCD , the matching from NRQCD to pNRQCD cannot rely on perturbation theory anymore. Also, it is more difficult to identify the effective degrees of freedom of pNRQCD.
Despite these difficulties, the situation appears pretty much similar to that one described for strongly-coupled quarkonium in [16, 23] . From the available lattice simulations (e.g. [19] , see 
0 , and of the first gluonic excitation, E
1 , as a function of L min , the minimal total length of the flux tubes linking the three quarks. From [19] .
pNRQCD in its simplest formulation, i.e. without light quark degrees of freedom, is, therefore, as simple as a potential model. 4 It has the three-quark singlet field S(ρ, λ, R, t) as the only degree of freedom and is described by a Lagrangian L pNRQCD = L pNRQCD (R, t), which reads:
The potential V S may be organized in an expansion (not necessarily analytic [37] ) in the inverse of the heavy-quark masses. In the following, we will consider the matching of the 1/m potential, which, in the non-perturbative regime, may, in principle, be of the same order as the static potential, and the 1/m 2 spin-dependent potentials.
Matching
The non-perturbative matching goes as in the quarkonium case discussed in [16, 23 ] to which we refer for further details. Here we only list some results.
The singlet static potential is given by
where W S QQQ is the singlet Wilson loop defined in Eq. (51) and shown in Fig. 2 . Lattice evaluations of V (0) S may be found in [19, 38] . A plot is shown in Fig. 3 .
The order 1/m potential is given by
where the double brackets stand for the gauge field average in the presence of a static Wilson loop of infinite time length:
As in the quarkonium case [23] , in the non-perturbative regime the 1/m potential may, in principle, be of order mv 2 , and therefore as important as the static potential. There are no available lattice data for this quantity.
For the potentials responsible for the spin splittings of the heavy baryons, we obtain at order 1/m 2 :
where [39] . The spin-dependent potentials have not been calculated on the lattice yet, differently from the quarkonium case, where such calculations have instead a long history [18] . Model dependent predictions may be found in [40, 41, 42] .
It is expected that these potentials satisfy some exact relations due to Poincaré invariance of the type studied in [31, 43, 44] for the quarkonium case.
V. CONCLUSION AND OUTLOOK
This work is a first step in the direction of a complete study of baryons made of two or three heavy quarks in the framework of non-relativistic EFTs of QCD. For both types of baryons, we identify the degrees of freedom and write the pNRQCD Lagrangian appropriate to describe the system in the heavy-quark sector. In the doubly heavy baryon case this represents an update of Ref. [13] , which, however, used a HQET framework. In the case of baryons made of three heavy quarks, we also provide non-perturbative expressions for some of the potentials. Relevantly for both types of systems, we calculate the one-loop matching of the 4-quark operators of lowest dimensionality.
Several further developments are possible. For doubly heavy baryons, where data are already available, an important step forward would consist in providing pNRQCD with a light-quark sector that fully implements chiral symmetry and chiral symmetry breaking effects. One could then study, for instance, isospin splittings and transitions and also address a variety of decay and production processes. The pursuit of such a program of phenomenological studies will, however, very much depend on the future of the experimental searches for these states.
For what concerns heavy baryons made of three heavy quarks, in the absence of a discovery, lattice studies will remain the main source of information. First of all, it will be important to have at least the one-loop expressions for the heavy-baryon static potentials
O S and V 
where µ is the ultrasoft factorization scale.
Let us comment on the renormalon singularities affecting the perturbative series of the baryonic static potentials. These must cancel in physical observables. In the quarkonium case, the renormalon of the static potential cancels against twice the renormalon affecting the heavy-quark pole masses (see e.g. [46] ). From Eq. (53) one can read that the order Λ QCD renormalon affecting V (0) S is 3 × 1/2 that one of the static potential in the quarkonium case.
Indeed, in the expression of the baryon mass it cancels against three times the renormalon affecting the heavy-quark pole masses. Similarly, in the doubly heavy baryon case, from
Eq. (27) we have that the renormalon of order Λ QCD affecting V corresponds to the first case, the Coulomb contribution is expected to cancel in E
1 − E
0 , which is the difference between the energy of the first excited state and the ground state.
This could be in contradiction with a statement in Ref. [19] , where the Coulomb contribution is said to cancel in the difference without any further specification. Like in the quarkonium case [29] , it is expected that the ordering of the levels of the gluonic excitations in the short range is dictated by the correlation lengths of some gluonic operators. If we assume that correlation lengths of operators of higher dimensions are suppressed and if we consider that there is a singlet channel only in 8 ⊗ 8 but not in 10 ⊗ 8, then, in the short range, the leading gluonic excitation is expected to come from the coupling of an octet heavy-quark state with a gluon field. It would be interesting to investigate if the first gluonic excitation shown in S ijk S ijk = 1 , 
SU (3) Representations
Here we list our choice of matrix representations for the SU(3) generators in the 3,3, 6,
8, 10 representations:
